Spontaneous imbibition is the process in which the wetting phase is drawn into a porous medium by means of capillary force. Cocurrent and countercurrent spontaneous imbibitions are defined as wetting and non-wetting fluid flow in identical, and opposite directions respectively. The mathematical model is developed for cocurrent imbibition phenomenon in the inclined oil formatted homogeneous porous medium. An approximate analytical solution of the governing equation is derived by homotopy analysis method. The graphical and numerical solutions are discussed.
Introduction
One of the most important process in oil recovery is the spontaneous imbibition which is driven by capillary force. Such spontaneous imbibition may occur in the form of cocurrent imbibition or countercurrent imbibition. The direction of flow is the main difference between these two crucial mechanisms for imbibition. In cocurrent imbibition, the wetting and non-wetting phases flow in the same direction with the non-wetting phase being pushed out ahead of the wetting phase. In countercurrent imbibition, the wetting and non-wetting phases flow in the opposite directions. Imbibition in water-wet porous media is commonly considered as countercurrent imbibition [3, 5, 7, 13, 20, 24] . When a porous medium is partially filled with wetting phase, oil recovery is dominated by cocurrent imbibition phenomenon, not countercurrent imbibition. In the oil recovery process, cocurrent imbibition is more efficient than countercurrent imbibition [3, 20, 24] .
Cocurrent imbibition phenomenon have been investigated by many authors with different viewpoints [3, 13, 20, 24] . Bourblaux and Kalaydjian [3] have discussed experimental study of cocurrent and countercurrent flows in natural porous media. Pooladi-Darvish and Firoozabadi [20] have studied the similarities and differences of cocurrent and countercurrent imbibition and pointed out the consequences for practical applications. Series solution is obtained for cocurrent imbibition during immiscible two-phase flow through porous media by Yadav and Mehta [24] . Exact integral solutions for the horizontal, unsteady flow of two viscous, incompressible fluids are derived by Mcwhorter and Sunada [13] . Homotopy perturbation method is used for solving the problem of cocurrent and countercurrent imbibition flow into vertical porous medium by Fazeli et al. [7] .
During secondary oil recovery process, it is assumed that the water is injected into fractured oil formatted inclined homogeneous porous medium and cocurrent imbibition phenomenon occurs. It is also assumed that the macroscopic behavior of fingers is governed by statistical treatment. Thus only average cross sectional area occupied by fingers is taken into account, the size and shape of individual fingers are disregarded. The velocity of oil and the velocity of water are considered under gravitational effect and inclination effect. For the investigated flow system, the porosity and permeability of inclined homogeneous porous medium are assumed to be constants. The saturation of injected water S w (x, t) is then defined as the average cross-sectional area occupied by injected water at distance x and time t.
In the current work, the mathematical model is developed for cocurrent imbibition phenomenon occurring during secondary oil recovery process. The mathematical formulation of cocurrent imbibition generates a one dimensional nonlinear partial differential equation. Homotopy analysis method is adopted to solve this equation with appropriate boundary conditions. The solution describes the saturation of injected water at distance x and time t for cocurrent imbibition phenomenon in inclined homogeneous porous medium.
Mathematical Modelling

Fundamental equations
During the injection process, two-phase immiscible and incompressible flow in porous medium is governed by the generalized Darcy's law for each phase as [2, 15, 21] :
where V w and V o are the velocities of water and oil respectively, k w and k o are the relative permeabilities of water and oil respectively, δ w and δ o are the constant viscosities of water and oil respectively, K is the permeability of the inclined homogeneous porous medium, P w and P o are the pressures of water and oil respectively, ρ w and ρ o are the constant densities of water and oil respectively, g is the acceleration due to gravity, θ is the angle of inclination with porous matrix. The law of conservation of mass for incompressible flow gives
where P is the porosity. The sum of the velocities of injected water and native oil is the total velocity V t in cocurrent imbibition phenomenon [9] 
Standard relations
The difference between pressures of oil and water is defined as the capillary pressure (P c ). We assume that the capillary pressure is a function of phase saturation [19, 21] :
Assume that the relationship between capillary pressure and phase saturation is of the form [14] P c (S w ) = −βS w
where β is a constant. According to Scheidegger and Johnson [22] , consider the analytical relationship between relative permeability and phase saturation as
where α ia a constant.
Equation of motion for saturation
Combining (1), (2) and (4), we get
Solving (9) for ∂Pw ∂x
Combining (1) and (10) results in
The pressure of water can be expressed in the form
whereP is the mean pressure which is constant, therefore (9) reduces to
Therefore (11) implies
Substituting (14) into (3), we get
Since k w = S w and P c = −βS w , we have
Using dimensionless variables
reduces to
where A = 2Lρwgsinθ β and S w (x, t) = S w (X, T ). Eq. (17) is the nonlinear partial differential equation for the cocurrent imbibition phenomenon in the inclined homogeneous porous medium and S w (X, T ) is the solution of this equation which represents the saturation of injected water at distance X and time T .
We used following boundary conditions for solving (17) :
Solution by Homotopy Analysis Method
The homotopy analysis method which was first proposed by Liao [10, 11] is an effective and powerful technique to obtain an approximate analytical solution of nonlinear differential equation. The homotopy analysis method has been widely applied to solve nonlinear partial differential equations [4, 6, 8, 12, 16, 17, 18, 23] . Here we apply HAM to the nonlinear PDE (17) . Consider the nonlinear partial differential equation
where N is a nonlinear operator. We define a nonlinear operator
We choose the auxiliary linear operator
According to the boundary conditions (18), we choose the initial approximation of S w (X, T ) as
Let q ∈ [0, 1] denote the embedding parameter, c 0 = 0 the convergence control parameter, H(X, T ) = 0 an auxiliary function, L an auxiliary linear operator with the property L(f ) = 0 when f = 0. The so-called zeroth-order deformation equation is
Thus when q = 0 and q = 1, we have φ(X, T ; 0) = S w0 (X, T ) and φ(X, T ; 1) = S w (X, T ).
Thus φ(X, T ; q) continuously deforms from the initial approximation S w0 (X, T ) to the exact solution S w (X, T ) of (17) as q increases from 0 to 1. Expanding φ(X, T ; q) in Maclaurin series with respect to q, we have the homotopy-Maclaurin series
where
is the mth-order homotopy derivative of φ(X, T ; q). Assume that the auxiliary linear operator L, the initial approximation S w0 (X, T ), the convergence control parameter c 0 and the auxiliary function H(X, T ) are so properly chosen that the homotopy-Maclaurin series (25) converges at q = 1, we have due to (24) the homotopy series solution
Write − − → S wn = {S w0 , S w1 , . . . , S wn } . Differentiating (23) m times with respect to q, then setting q = 0 and finally dividing them by m!, we have the so-called high-order deformation equation
subject to the boundary conditions
and
For the sake of simplicity, assume H(X, T ) = 1. Then the solution of (28) reads
where the coefficients C 1 and C 2 are determined by the boundary conditions (29). Hence 
is an approximate analytical expression of the solution of nonlinear partial differential equation (17) which represents the saturation of cocurrent imbibition phenomenon in inclined homogeneous porous medium.
Results and Discussion
The convergence of homotopy analysis solution is strongly dependent on convergence control parameter c 0 . Many researchers have discussed the convergence of homotopy analysis solution using c 0 -curve; for example, Darvishi and Khani [4] have obtained series solution of the foam drainage equation, Abbasbandy at al. [1] have discussed mathematical properties of c 0 -curve in the frame work of the homotopy analysis method, Ghotbi at al. [8] have obtained the homotopy analysis solution of Richard's equation for unsaturated flow of transports in soils, Fariborzi and Naghshband [6] have discussed the convergence of homotopy analysis method to solve the Schrodinger equation with a power law nonlinearity, Patel and Desai [17] have obtained the solution of nonlinear partial differential equation of countercurrent imbibition phenomenon in inclined homogeneous porous medium. The c 0 -curve helps us to discover the valid region of c 0 , which corresponds to the line segment almost parallel to the horizontal axis [1, 4, 6, 8, 17, 18] . The BVPh 1.1, a Mathematica package [12] is used to plot the c 0 -curves. To obtain the numerical and graphical representations of the solution, we assume that the value of constants are as L = 1, ρ w = 0.1, g = 9.8, β = 2.
4.1 Without inclination with porous matrix i.e. θ = 0
• .
The homotopy analysis solution of cocurrent imbibition is derived for horizontal homogeneous porous medium and its convergence depends on c 0 which is chosen from c 0 -curve. Fig. 1 shows the c 0 -curve of S w XX (0, 0) for 30th order approximation and c 0 = −0.1 is chosen from this c 0 -curve. 
θ = 5
• inclination with porous matrix. 
θ = 10
• inclination with porous matrix.
The homotopy analysis solution is obtained for cocurrent imbibition in inclined (θ = 10 • ) homogeneous porous medium. The c 0 -curve of S w XX (0, 0) for 30th order approximation is plotted; see The numerical values of saturation of injected water for cocurrent imbibition phenomenon are obtained (see Table 3 ). Fig. 6 shows the graph of saturation of injected water versus distance X for fixed time T = 0.1, 0.2, . . . , 1. 
Conclusions
We have discussed cocurrent imbibition phenomenon in inclined homogeneous porous medium and its mathematical model is derived. An approximate analytical solution is obtained for cocurrent imbibition phenomenon by homotopy analysis method. The solution satisfies both the boundary conditions. The numerical and graphical interpretations are given. The saturation of injected water increases when angle of inclination with porous matrix increases. We conclude that the saturation of injected water increases when the distance increases for given time T .
